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Abstract 

We construct two classes of infinitely many commuting operators associated with the 
elliptic quantum group Uq^p{slN)- We call one of them the integral of motion Qm, {m G N) 
and the other the boundary transfer matrix Tb{z), {z e C). The integral of motion Qm 
is related to elliptic deformation of the A^-th KdV theory. The boundary transfer matrix 
Tb{z) is related to the boundary Uq^p{slN) face model. We diagonalize the boundary transfer 
matrix Tb{z) by using the free field realization of the elliptic quantum group, however 
diagonalization of the integral of motion Q„i is open problem even for the simplest case 



1 Introduction 

The free field approach provides a powerful method to study exactly solvable model [1]. The 
basic idea in this approach is to realize the commutation relations for the symmetry algebra and 
the vertex operators in terms of free fields acting on the Fock space. We introduce the elliptic 
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quantum group Ug^p{slj\[) [2, 3], and give its free field realization. Using the free field realizations, 
we introduce two extended currents Fn{z) [4] and U{z) [5] associated with the elliptic quantum 
group Uq^p{slisi)- Wc construct two classes of infinitely many commuting operators for the elliptic 
quantum group Uq^p{slis[)- We call one of them the integral of motion Qjn, (m G N) [4] and the 
other the boundary transfer matrix Tb{z), {z G C) [6]. Our constructions are based on the 
free field realizations of the elliptic quantum group Uq^p{slN), the extended currents and the 
vertex operator ^^^'^\z). Commutativity of the integral of motion is ensured by Feigin-Odesskii 
algebra [7] , and those of the boundary transfer matrix is ensured by Yang-Baxter equation and 
boundary Yang-Baxter equation [8] . Two classes of infinitely many commuting operators have 
physical meanings. The integral of motion Q^n is two parameter deformation of the monodromy 
of the AT-th KdV theory [9, 10]. The boundary transfer matrix Tb{z) is related to the boundary 
Uq^pisljsf) face model that is lattice deformation of the conformal field theory. We diagonalize the 
boundary transfer matrix Tb{z) by using the free field realization of the elliptic quantum group 
and the vertex operators. Diagonalization of the boundary transfer matrix allows us calculate 
correlation functions of the boundary Uq^p{slp4) face model [11, 12, 6]. 

The organization of this paper is as follows. In section 2 we introduce the elliptic quantum 
group Uq^p{sl]\f) [2, 3], and give its free field realization. In section 3 we introduce two extended 
currents Fn{z), En{z) [4] and U{z),V{z) [5, 13] associated with the elliptic quantum group 
Uq^p{sl]\f)- We give the free field realization of the vertex operators ^^"'''^\z), using the extended 
current U{z). We construct two classes of infinitely many commuting operators associated with 
the elliptic quantum group Uq^p{sl]\[)- The one is the integral of motion [4] and the other 
is the boundary transfer matrix Tb{z) [6]. In section 4 we diagonalize the boundary transfer 
matrix Tb{z) by using the free field realization of the vertex operators [5, 13, 6]. 

2 Elliptic quantum group Uq^p{slN) 

In this section we introduce the elliptic quantum group Uq^p{slN) and its free field realization. 
2.1 Quantum group 

In this section we recall Drinfeld realization of the quantum group [14] . We fix a complex number 
q such that < |g| < 1. Let us fix the integer iV = 3, 4, 5, ■ ■ ■. We use q-integer [n]q = '^qZq-i ■ 
We use the abbreviation, 

oo 

(z;Pi,P2,---,Pm)oo= n (1-pW---Pm^)- 

fel,fc2,---,fcM=0 
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The quantum group Uq{sl]\f) is generated by hj,aj^m,Xj^n, (l^j^A^ — l:mG Z^Q,n € Z), 



c,d. Let us set the generating functions xf{z),ipj{z),(pj{z), (1 ^ j ^ AT — 1) by 



nez 



'j,m^ I ) 
m>0 / 



V'j(g2z) = g''^ exp i{q-q ^) ^ 
V m>C 

ipj{q-h) = q-^^ exp ( -{q - q'^) ^ a^, . 

\ m>0 / 

The defining relations are given by 

= '^^tn^ [hj,d] = [hj,ak,m] = [d,ak,m] = 0,c : central, 

Wj,m,xt{z)] = ^-^^q-^\-\z-xt{z), [a,,rn,x-{z)] = -^-^^z-x-{z), 
{zi - q^^^'''Z2)xf{zi)x^{z2) = {q^^^->'zi - Z2)x^{z2)xf{zi), 



[x+{zi),Xj^ {Z2)] = ^^'^^l i^iQ ^Zi/Z2)'ipj{q2z2) - 5{q^zi/z2)ipj{q 2^2)), 
and Serre relation for |j — fe| = 1, 

{xf{z,)xf{z2)x^{z) - [2],xf{z,)x^{z)xfiz2) + x^{z)xf{z,)xf{z2)) 
+{xf{z2)xf{zi)x^{z) - [2]gxf{z2)x^{z)xf{zi)+x^{z)xf{z2)xf{zi)) = 0. 

Here (^j,jk)i<j,fe<Ar-i is Cartan matrix of sZjv type. Here we used the delta function S{z) 



2.2 Elliptic quantum group 

In this section we introduce the elliptic quantum group Uq^p{slj^) [2, 3], which is elliptic defor- 
mation of the quantum group Uq{slN). We fix complex numbers r,s such that Re(r) > 1 and 
Re(s) > 0. When we change the polynomial {zi — q^'^Z2) in the defining relation of the quantum 
group Ug{slN), 

{zi - q"'^ Z2)xJ {zi)xj {Z2) = iq~^zi - Z2)xJ {z2)xj {zi), 
to the elliptic theta function [u] , we have 

[ui -U2 + I] Fj{zi)Fj{z2) = [ui -U2-I] Fj{z2)Fj{zi). 
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This is one of the defining relations of the elhptic quantum group Uq,p{slN)- We set the eUiptic 
theta function [u], [u]* by 

[u] = q'^--@q2riq^-), [u]* = q^-^eg2r*iq^n, 

where we set z = x^" and r* = r — c. The elhptic quantum group Uq^p{slN) is generated by the 
currents Ej{z),Fj{z), Hf{q^~'^z) = {q~^~^'^ z), {1 ^ j N — 1). The defining relations are 
given by 

[U2 -Ul + jf] 



Ej{zi)Ej+i{z2) 

Ej{zi)Ej{z2) 
Ej{zi)Ek{z2) 

Fj{zi)Fj+i{z2) 

Fj{zi)Fj{z2) 

F,{zi)Fk{z2) 



[«i - U2 + 1 - jf] 

[Ui -U2 + I]* ^ . . X 

—Ej{z2)Ej{zi), 

Ek(z2)Ej(zi), otherwise, 



:Ej+i(z2)Ej(zi), 



Fj+i{z2)Fj{zi] 



[^2 - "1 + ;^ - l] 
[ui -U2-§] 

[Ui-U2-1] „ , . _ . . 

Fk{z2)Fj{zi), otherwise, 



Hi{z^Htiz2) = !"^-"^-;!!"^-"^+;!> n^2)i/r(^i). 



H+{z,)H+_,{z2) 
H+izi)H+iz2) 

H+{zi)E,{z2) 

H+{zi)Ej+^{z2) 

H+^,{z,)Ej{z2) 
H+{zi)Ek{z2) 

H+{zi)Fj{z2) 

H+{z^)Fj+^{z2) 

H+^,{z,)Fj{z2) 
H+{zi)Fk{z2) 



[ui - U2 + 1] [ui - U2 - 1]* ^ 



[Ui -U2- j^][ui-U2 + l- jf 

H^{z2)Hj~{zi), otherwise, 



[Ui-U2 + 1 + f ] 
[ui - ^2 - 1 - f ] 
[u2-Ui + § + 
[iil - ^2 + 1 - ^ - f 
[U2 - ttl + 1 - ^ + f 



_s ci* 

N 4i 



[ui — U2- 

Ef.{z2)Hj'{zi), otherwise. 



Ej{z2)H+izi), 

Ej+,iz2)H+{zi), 
Ej{z2)H+_^M), 



[UI-U2-1- f ] 
[Ul - U2 + 1 + f ] 
[U2 -Ui + 
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— - 1 



[Ul-U2- jj + |J 
[u2-Ui-jf- |] 
[ui-U2 + §-l + i] 

Ff;[z2)Hj'{zi), otherwise. 



F^iz2)H+{z,), 
~~^Fj+,{z2)H+{z,), 



Fj{z2)H+_^M), 



(2.1 

(2.2 
(2.3 

(2.4 

(2.5 
(2.6 

(2.7 

(2.8 
(2.9 

(2.10 

(2.11 

(2.12 
(2.13 

(2.14 

(2.15 

(2.16 
(2.17 
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[Ei{zr),Fj{z2)] = (5{q-'zJz2)Hf (q^z^) - b{tz^lz^)U- [f^^z^) , 

(2.18) 

and the Serre relations for |j — A;| = 1, 



oo 
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X iC-^'^^''C^ + (^1 ^ ^2) = 0, (2.19) 

1^^^/^^ ^ (,^-^.M;,^-)oo(.^-^.A2;.^-)oo ^^-^^ ^^^^'^■^'^ "^^^'^^^'^ '''^ 



+ (^2.-l^^/^.^2.)^(g2.-l^^/^.^2.)^^^i^ ^2jj 

i (g^^-^Z2Ai;g^'')c 
(g2r-+2^2/^i;g2'-)c 



X ^1 r'2.+2. „2.r +(^1^^2)=0. (2.20) 



2.3 Free field realization 

In this section we give the free field realization of the elliptic quantum group Uq,p{slN) [2, 3, 5]. 
In what follows we restrict our interest to level c = 1. Let us introduce the bosons /3m, (1 = j = 
N;meZ) by 

[(r - l)m]q [{s - l)m] 



[rm]q [sm]g ,^ 21) 

[rm\q [sm\q 
We set the bosons Bm-, = j = N;m e Z^q) by 

BL = {PL-P'n^')Q-''", (2.22) 

They satisfy 

[Bl^,B'^]= J^'-^^'^^^ '^Hr^^ ^-+--°' (l^i,fc^iV-l), (2.23) 

where (^j,A;)i<j,fc<Ar_i is Cartan matrix of sljsf type. Let e^(l S fJ- = ^) be the orthonormal 
basis of with the inner product {e^lei,) = S^^i,. Let us set = — e where e = X^^i ^i'- 
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Let (1 ^ /X ^ iV — 1) the simple root : = — e^+i. The type sIn weight lattice is the 
linear span of e^, P = ^^^l '^e^. Let us set Pa, Qa € P) by 

[iPa,Qfs] = {a\(5), {a,f3eP). (2.24) 

In what follows we deal with the bosonic Fock space Ti^k, generated by P'Ljn{m > 0) over the 
vacuum vector \l,k), where l,k G P. 

9-?' , flJ' _ . . .\ ,117 h\ 17 h\ = f>*yS*-'V^'5fc| 



^l,k = C[{/3ii, /3i2, • • -hsjSNWl, k), \l, k) = eV ^^.-^y —^'^ |0, 0), 
where 

Pi\l,k)=0, (m>0), Pa\l,k) = [a 



r — 1 



^ l_j!_jLk]\l,k). 



Free field realizations of Ej{z), Fj{z), Hf{z) {1 ^ j ^ N - 1) are given by 



X : exp 



p I ^ 



f- E -Tr^^^^(^^--^^^'-)-™l (2-25) 



^ f E ^Bi{q^'l-^^h)-^ ) (2.26) 



i?+(g5-'-2) = g(i-t)2Je V^)^"^ {q(¥-^)i z) VH^)^"^^^^ 



J 



X : exp - V 1 [!!^S^(5(t-i)^-^)- I : . (2.27) 
The free field realization for general level c [17] is completely different from those for level c = 1. 



3 Commuting operators 

In this section we construct two classes of infinitely many commuting operators Qm [4] and Tb{z) 
[6]. 

3.1 Extended currents £'jv(-2), -Fjv(2;) 

In this section we introduce the extended currents En{z), F]\[{z) [4]. Let us set the extended 
current En{z),Fn{z) by the similar commutation relations as the elliptic quantum group. The 
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extended currents En{z),Fn{z) satisfy the following commutation relations. 

[^2 -Ul + w] 



Ej{zi)Ej+i{z2) 

Fj{zi)Fj+,{z2) 
Fj{zi)Fj{z2) 

[Ej{zi),Fkiz2)] 



r ^ -Ej+^{z2)E,izi), (jGZ/NZ), 

[Ui-U2 + 1- jfl 

^^l-l^^l±:^E,{z2)E,{z,), UeZ/NZ), 



[U2-Ui + - l] 

[ui -U2-j^] 
[Ui -U2-1] 
[ui — U2 + 1] 

q-q- 



Fj+i{z2)Fj{zi), {jeZ/NZ), 



Fjiz2)Fjiz,), (jeZ/NZ), 



J (5{q-^zi/z2)H+ [q^Z2) - 5{qz^/z2)Hj (g-^za)) , 

(j,A:GZ/iVZ), 



and other defining relations of the elliptic quantum group, in which the suffix j, k should be 
understood as mod. N. Free field realizations of the extended currents E]\[{z),Fn{z) and 
H^{q2^^ z) = Hj^{q2^'' z) are given by 



X : exp 



Fn{z) 



H%{qh-rz) = 



I _y- ]__[rm\q_ 

■ -p (- E 



(3.1) 



' 1 P- T^— 1 _ / r—1 p_ I r — 1 



2s-N \-m 



(3.2) 



: exp I - l_i!!^S^(g2s-iV^^-m 



m [{r — l)m], 



(3.3) 



3.2 Extended currents ^/(z), ?7(2;) 



In this section we introduce the extended currents V{z), U{z) [5, 13]. In this section we consider 
the case s = N. For our purpose it is convenient to introduce 

Wjiz) = Ej{q-^z), F,{z) = Fj{q-^z), {1 ^ j S N - 1). 

The extended currents U{z),V{z) are given by the following commutation relations. 



U1 — U2 + 



1 



Vizi)Ei{z2] 



U2 — Ui + 



1 



Eiiz2)Vizi), 



EM)Viz2) = V{z2)Ejizi) {2^jSN), 



(3.4) 
(3.5) 
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Ui —U2 — 



Uizi)Fi{z2) = 

F^{zi)U{z2) = 



U2 — UI — 



Fi{z2Mzi), 



U{z2)Fj{zi) i2£ j^N). 



where we set 



U{zi)U{z2) 
V{zi)V{z2) 

U{Z1)V{Z2) 

p{z) = 
p\z) = 



jv-1 Q„2N{—qz) 



z N 



-^Viz2)U{zi), 



iq'z-q'\q'^U{q'^+''^-''z;q'^,q'n^ 
iz;q'^\q''')oo{q'''^'^-'z;q'r\q^^U 



{q^r,. q2r* ^ q2N^^^q2N-2,. q2r* ^ q2N^^ 

The free field reahzations of U{z),V{z) are given by 



(3.6) 
(3.7) 

(3.8) 
(3.9) 
(3.10) 

(3.11) 
(3.12) 



Uiz) 
V{z) 



r-l N-1 i 
Z 2r N e V 



r -/V — 1 . I r r\ 



1 



: exp - V —Pi 
\ ^ m 



(3.13) 



(3.14) 



3.3 Integral of motion 

In this section we give a class of infinitely many commuting operators Qm, G N) that we call 
the integral of motion [4]. In this section we consider the case < Re(s) < N . Let us set the 
integral of motion Q^-, {m G N) by integral of the currents. 

t=i j=i 

X F2{z?)F2{zi'^) . . . F2{zg)) . . . F^{z^f^)F^{z^^^) ■ ■ ■ F^(.W) 

N 



n n W- 



U 



it) 



N-1 m 



nn[«f-«r+i-^]nH"-4' 



t=i i,fc=i 



N 

n 



uy -uy ' ) - Vrr*Pi 



j,k=i 



(N) ^ 

N. 



(3.15) 
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Here we set z^f' = q'^i . Here the integral contour encircles zf* = 0, (l^i^iV;l^j^m)in 



such a way that 



|^?^+2/.^(t+l)| < < |^-2+f^-2^.^(t+l)|^ (1 ^ t ^ AT - 1), 



^2-t+2..^(l)|<|,W|<|g-#-2..,(l) 



fe I' 



for 1 ^ j, A; ^ m and I G N. Let us set the integral of motion (m G N) as similar way. 

r (. N m ^ it) 

t=lj=l 

J2)^ 



X ^2(4'^)^2(4'^) • • • ^2(4'^) • • • EN{z['''^)EN{zf^) ■ ■ ■ E^iz^^y) 
N 

n n N"-4" 



uf - uf + 1 



N-1 m 



nnH"-«r'-^rn[»f-«f'-i+f 

t=i j,k=i j,k=i 



N 

n 

t=i 



(3.16) 



Here the integral contour encircles zj*'' =0, {1 ^ t ^ N;l ^ j ^ m) in such a way that 



< \<\<1 " 



,2-2|-2ir-%(l)| 



'fe I' 



for 1 ^ j, k ^ m and i G N. 



The integral of motion Qm and commute with each other. 

[Gm,Gn]=0, [g*m,G*n]=0, [gm,g*n] = 0, (m,nGN). (3.17) 

These commutation relations are shown by considering the Feigin-Odcsskii algebra [7]. When we 
take the limit r — t- oo, our integral of motion Q„i becomes those of conformal field theory [9, 10]. 
In the limit r — )■ oo, the thcta functions in integrand disappear, hence wc know that elliptic 
deformation is nontrivial. The integral of motion of Uq^p{sl2) in general level c is constructed in 
[18]. 

3.4 Vertex operator 

In this section we introduce the vertex operator (2;) that plays an essential role in construc- 
tion of the boundary transfer matrix Tb{z). In this section we consider the case r ^ N+2, (r G N) 
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and s = N. Let's recall sl^ weight lattice P = J2^=i introduced in previous section. Let 
<^// (1 = A* = ~ 1) be the fundamental weights, which satisfy 

{afi\(^u) = S^^u, {I ^ ^ N -1). 

Explicitly we set = '}2u=i ^'^^ a & P we set and a^^j^ by 

0/^,1/ = O/i - Oi/, af, = {a + p\ef,), {ii,v e P). 

Here we set p = Y^^Zi ^/u- Let us set the restricted path P^_j^ by 

N-1 N-1 

P^N = {^=Y. ""^"^v^ ^ ^I^M G 2,c^ ^ 0, ^ ^ r - iV}. 

For a G P^_^^ condition < a^^y < r, {l^p,<u^N — 1) holds. We recall elliptic solutions 
of the Yang-Baxter equation of face type. An ordered pair (6, a) € P^ is called admissible if 
and only if there exists /U (1 < ^ < N) such that b — a = e^. An ordered set of four weights 
(a, b, c, d) G P'^ is called an admissible configuration around a face if and only if the ordered 
pairs {b,a), {c,b), {d,a) and {c,d) are admissible. Let us set the Boltzmann weight functions 
c d 



W 



b a 

and jj, ^ v, we set 



u 



associated with admissible configuration {a,b,c,d) G P^ [19]. For a G Pj'_ 



W 



W 



w 



a + 2en a + e^ 
a + a 

a + e^ + e^ a + e^ 
a + a 

a + €^ + €i, a + li, 
a + li, a 



R{u), 



u 



R{u) 



R{u 



"I] 



u — a 



r-N 

(3.18) 
(3.19) 
(3.20) 



The normalizing function R[u) is given by 

X r-iN-ii^\^z J , , [q z,q ,q )^{q z,q ,q )c 

R[u) = z r N ' , ip[z) = 



(p{z) 



{q^r,.q2r^q2N^^^q2N,.q2r^q2N^^ 



(3.21) 



Because < a^,,^ <r(l^^<z/^A^ — 1) holds for a G P^-n^ Boltzmann weight functions 
are well defined. The Boltzmann weight functions satisfy the Yang-Baxter equation of the face 
type. 

d e 



c g 



ui W 



c 9 
b a 



U2 W 



g a 



Ui - U2 
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9 f 
b a 



ui W 



d e 
9 f 



U2 W 



d g 
c b 



Ul - U2 



(3.22) 



We set the normalization function (p{z) such that the minimal eigenvalue of the corner transfer 
matrix becomes 1 [21]. The vertex operator and the dual vertex operator as- 

sociated with the elliptic quantum group Uq^p{slN), are the operators which satisfy the following 
commutation relations, 



(^^)$(M (22) 

${«,6)(2i)$*(^'=)(^2) 

and the inversion relation, 




U2-uij (Z2)$(^''^)(^i), 

U2-Ui \ ^<'''3\z2W^^'''\zi). 



(3.23) 

(3.24) 



(3.25) 



(3.26) 



We give free field realization of the vertex operator. In what follows we set l = b + p,k = a + p, 
{a G P^_N,b G ^';^Ar_i) and vr^ = ^/r{r - l)Pe^, tt^^u 



T^n — T^u- We give the free field 



realization of the vertex operators ^("■+^t^'"') (^z), (1 ^ fx ^ N — 1) [5] by 

r^~^ dz- — — 

■ I II ^U{zo)F,{z,)F2iz2) ■ ■ ■ F^_^iz^_,: 



X n 



TT 



(3.27) 



Here we set Zj = q^'""^ . We take the integration contour to be simple closed curve that encircles 
= 0,gi+2''*Zj_i, {s G N) but not Zj = q-^-^'" Zj-i, (s G N) for 1 < j < ^ - 1. The <^>(^+^^^'^) (z) 
is an operator such that <I)("+'^m<'')(2) : J^i ^, — ). J^^^^.^^. The free field realization of the dual 
vertex operator (z) is given by similar way [5]. The vertex operator <|)("'^)(z) plays an 

important role in construction of the correlation functions of the Uq^p{slN) face model [5, 11]. 

3.5 Boundary transfer matrix 

In this section we introduce the boundary transfer matrix Tb {z) [6] , following theory of boundary 
Yang-Baxter equation [8, 16]. In this section we consider the case r ^ N + 2,{r eN) and s = N. 
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An order set of three weights (a, b, g) G is called an admissible configuration at a boundary if 
and only if the ordered pairs {g, a) and {g, h) are admissible. Let us set the boundary Boltzmann 



for admissible weights {a,b,g) as following [15]. 











weight functions K 


9 


u 






\ b 


) 




( 


a 


\ 


K 




u 






b 


J 



h{z) [c - u][ai^^ + c + u] 
/i(z-i) [c + u] [ai,(u + c-u\ 



Z r N r 



(3.28) 

In this paper, we consider the case of continuous parameter < c < 1. The normalization 
function h{z) is given by following [6]. 



h{z) = 



(^2iV+2c/^. g2.^ g2iV)^(g2.-2c/^. g2.^ g2iV)^ 
(q2N+2r-2c-2/^. ^2r ^ g2JV)^(^2c+2/^. g2r ^ ^2JV)^ 

AT 

n 

j=2 



(3.29) 



(g2r+2jV-2c-2ai,j / ^. ^2r ^ g2iV)^(g2c+2ai,,y^. g2r-^ g2JV)^ 
(g2r+2JV-2c-2ai,,-2/^. ^2r ^ ^2iV)^(^2c+2+2ai,,/^. q2r^q2N^^ ' 



The boundary Boltzmann weight functions and the Boltzmann weight functions satisfy the 
boundary Yang-Baxter equation [8] . 




Ui — U2\W 




Ui — U2\W 



c d 

f 9 

c f 

b 9 











9 


\ 




( 


e 


\ 


Ui + U2 






/ 




Ui 


K 


d 




U2 










a 


) 




\ 


9 


J 










e 


\ 




( 


9 


\ 


Ui + U2 






/ 




Ul 


K 


b 




U2 


J 








9 


) 




V 


a 


/ 



(3.30) 

We set the normalization function h{z) such that the minimal eigenvalue of the boundary transfer 
matrix Tb{z) becomes 1. We define the boundary transfer matrix Tb{z) for the elliptic quantum 

group Uq^p{slN)- 



N 



Tb{z) = ^$*(«''^+^"M)(z-i)i^ 





a 


\ 








u 




V 


a 


) 





(3.31) 
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The boundary Tb{z) commute with each other. 



[Tb{zi),Tb{z2)\ = 0, for any zi,Z2- 



(3.32) 



This commutativity is consequence of the commutation relations of the vertex operators (3.23), 
(3.24), (3.25), and boundary Yang-Baxter equation (3.30). 

4 Diagonalization 

In this section we diagonahze the boundary transfer matrix Tb{z), using free field realization 
of the vertex operators [6, 5, 13]. In this section we consider the case r ^ iV + 2, (r G N) and 
s = N. 

4.1 Boundary state 

We call the eigenvector \B) with the eigenvalue 1 the boundary state. 



We construct the free field realization of the boundary state \B), analyzing those of the transfer 
matrix Tb{z). The free field realization of the boundary state \B) is given as following [6]. 



Tb{z)\B) = \B). 



(4.1) 



B) = e^\k,k). 



(4.2) 



Here we have set 



N-lN-l 



1 [rm\q 
m [{r — l)m] 



N-l 

hkim)Bi^B'_^+Y^ ^ -Dj{m)/3i 



F = 



IEEE 



m>0 j=l k=l 



m>0 j=l 



(4.3) 



where 




+ 27rij + 2c-j + 2)m] 



[{r - l)m]g 




q 



,(2j-iV)m^(^ - 27ri,jv -2c + N- l)m]q 
[(r - l)m]g 



(4.4) 
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[jm]g[{N - k)m]q ^ 



(4.5) 



Here we have used [a]^ = q"" + q " and Om{x) = < 



4.2 Excited states 



X, m : even 
0, m : odd 



In this section we construct diagonahzation of the boundary transfer matrix Tb{z) by using 
the boundary state \B) and type-II vertex operator Let us introduce type-II vertex 

operator [13] by the following commutation relations, 





a 




(: 








c 





(4.6) 
(4.7) 
(4.8) 



where we have set y{z) = z n ^g^-^^ y^* ^ 



u is obtained by substitution 



r — > r* of the Boltzmann weight functions W 



a g 

b c 



u defined in (3.18), (3.19), (3.20). Let 



us set / = 6 + p. A; = a + /9, (a G P^_f^,b G -P^'^Ljv-i)- ^^^^ ^^^'^ realization of the type-II 
vertex operators *^*^'''"^(z), {I ^ fj, ^ N — 1) are give by 



M-1 



27riz. 



■F(Z0)^1 (^1)^2(^22) • • • ^^-i(-2m-1^ 



X n 



- ^j-i - 2 + ^j.mJ 



(4.9) 



K' - uj-i + 2J* 

We take the integration contour to be simple closed curve that encircles Zj = 0, q~^'^^^*^Zj-i, {s G 
N) but not Zj = q^-^''*^Zj-i,{s G N) for 1 < j < /x - 1. The **(^+^"m.'')(2) is an operator 
such that ■qf*ib+^i^'f>){z) : Ti^k ^ ^i+e^^fc- We introduce the vectors \^i,^2, ■ ■ ■ ,^m)^i.i,^2,-,i^m 
(1 ^ /Xi,/X2, ■ ■ ■ ,HM ^ N). 

= ^*(''+eMi+eM2+-+W'''+«f2+-+W)(^^) X ■ ■ ■ 

X . . . ^r*(6+^"^'M-i+W.&+W)(^^_^)^*{&+6-^M.'')(^jl^)|S). (4.10) 
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We construct many eigenvectors of Tb{z). 

M 

(4.11) 

The vectors |^i, 6, ■ • • , ^m),^!, ,/i2,- -,MM ^'^^ basis of the space of the state of the boundary 
Uq^p{slN) face model [11, 12, 6]. It is thought that our method can be extended to more general 
elliptic quantum group Uq^p{g). 
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